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Abstract: 
 
Mildly Explosive (ME) time series models are frequently analyzed under the simplify- ing, but often unrealistic, assumption of 
recent past initialization. This paper addresses a key econometric challenge by developing the limit theory for the Least Squares 
(LS) estimator of the autoregressive (AR) coefficient when the ME model is initialized in the distant past or the infinite past. We 
argue that these initialization scenarios are more empirically realistic for financial data. Our central contribution is demonstrating 
that, critically, the asymptotic distribution of the LS t-statistic remains standard normal re- gardless of the initialization 
assumption (recent past, distant past, or infinite past). This finding provides a robust framework for inference, enabling the 
construction of a simple, asymptotically valid confidence interval for the AR coefficient across various initialization regimes. A new 
real-time detection method for identifying ME time series is also proposed. Furthermore, we significantly extend the ME model by 
incorporating exogenous regres- sors, which may be either finite- or high-dimensional. We propose a Post-Lasso confidence interval 
(CI) for the AR coefficient and establish its asymptotic validity under general conditions. Our simulation results demonstrate that 
the inclusion of additional regressors improves the precision of the resulting confidence interval. Finally, empirical application to the 
Nasdaq index during the dot-com bubble period highlights the proposed method’s usefulness. Our novel confidence intervals provide 
significantly narrower results than the conventional Cauchy confidence interval, successfully confirming mild explosiveness in the log 
price of the Nasdaq index. 
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